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Abstract. We investigate how often geodesies have homology in a fixed set 
of the homology lattice of a compact Riemann surface. We prove that closed 
geodesies are equidistributed on any sets with asymptotic density with respect 
to a specific norm. We explain the analogues for free groups, conjugacy classes 
and discrete logarithms, in particular, we investigate the density of conjugacy 
classes with relatively prime discrete logarithms. 



1. Introduction 

Let M be a compact Riemann surface of genus g > 1 and let ir(T) denote the 
number of prime closed geodesies 7 on M whose length Z 7 is at most T. Huber JHj 
and Selberg proved the prime geodesic theorem 

T 

(1.1) *r(T)~— , asT^oo. 

In this paper we investigate how the prime geodesies are distributed among the 

homology classes j3 G I? 9 ~ Hi(M,Z). If $ : T -> H 1 (M,Z) is the map of the 
fundamental group to the first homology group, we let <f> — tp o ip. For a set 
A C l? g we will consider to what extent 

tt a (T) = #{{ 7 }|7 Prime Z 7 < T, 0( 7 ) G A} 

depends on the set A. We recall that to every conjugacy class {7} C T corresponds 
a unique closed oriented geodesic on M of length L. 

Given a norm || -|| on M. 2g and a set A C J? 9 we say that A has asymptotic density 
d|i.i|(A) with respect to ||-|| if 

fl2) \{PeA\M\<r}\ 

(L2j \{Pe^9\\\f3\\<r}\ d " [Ah oo- 

We will say that the prime geodesies are equidistributed on a set A C I? 9 with 
respect to a norm \\-\\ if 

(1.3) ^1 -^d H (A), asT^oo. 

7T(J ) 

Our main result is the following theorem: 

Theorem 1.1. Let M be a compact Riemann surface of genus g > 1. There exists 
a norm \\-\\ M on I? 9 such that the following holds: Let A C J? g be any set that 
has asymptotic density with respect to ||-|| A /- Then the prime geodesies on M are 
equidistributed on A with respect to \\-\\ M - 
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Remark 1.2. The norm \\-\\ M in Theorem 1 1.1 1 is explicit in terms of certain 1-forms 
on M; Let Ui be a basis of 1-forms dual to the H\{M, Z) basis "0( e i) where is 
the standard basis of Z 2g . Let N = {(wi, Wj)}i B j—\- The matrix N is symmetric, 
positive definite and of determinant 1. Then the norm may be defined as 

\\x\\ M = {x^N^x). 

This depends of course on the choice of isomorphism between H\(M, Z) and J? 9 . 
On the other hand we notice that the map 

i?i(M,Z) -> M + 
ft i ► H^ -1 ^^ • 

depends only on the surface M. 

Remark 1.3. The proof of Theorem 1 1 . 1 1 uses the Selberg trace formula with char- 
acters as used in We combine this approach with ideas from [21] , where the 
stationary phase argument used in |17j is simplified to make more transparent the 
dependence on the homology class. This idea seems to go back at least to . As 
an intermediate step towards proving Theorem ll.il we get improvements on average 
of the local limit theorem of Sharp [231 ( see Theorem 12. 8J1 . We need also one new 
ingredient ( Lemma l2.11|l , which tells us that certain averages over A of appropriate 
functions converge to the density of A with respect to 

Remark 1.4. For sets containing exactly one element a the counting function n a (T) 
was studied by Adachi and Sunada Q and Phillips and Sarnak [TZ| , as well as 
many others. Phillips and Sarnak found the full asymptotic expansion with leading 
term 

(1.4) 7raCn~(<7-l) 9 ^, asT^co. 

In particular the leading term, in contrast to the lower order terms, does not depend 
on a. The dependence on a in the lower order terms has been considered in |12II24| . 
but the results are not strong enough to handle equidistribution for sets of positive 
density by simply summing up asymptotics. For sets of positive natural density 
Theorems 11.11 gives precise information about the asymptotic behavior of ita(T). 
A few very special cases of Theorem 11.11 follows also from the Chebotarev density 
theorem for closed geodesies (see OE][2H]) m ^ e case °^ a belian covers. 

Remark 1.5. The fact that we are considering surfaces of fixed negative sectional 
curvature — 1 is not essential. If M has variable negative curvature we can combine 
the ideas of this paper with the ideas developed by Sharp [21] to prove Theorem ll.il 
in this case. Instead of taking |17l (2.37) Lemma 2.1, 2.2] as a starting point as we 
do in this paper, one may take |24l Propositions 1, 2, and Lemma 1] as a starting 
point and use variations of our techniques to prove such a result (see [B]). In [B] 
the authors also work out the asymptotic distribution of directions in homology for 
more general Anosov flows, even when the winding cycle is nonzero. 

Theorem 1 1.1 1 has an analogue also for free groups. Let Y = F(Ai, . . . , k > 2 
be the free group on k generators. The words 7 6 V can be counted according to 
their word length wl (7) and one finds (see ^J^J) that the function II(m) counting 
conjugacy classes {7} in Y with length at most m satisfies 

q q m 

(1.5) II(m) ~ , as m — > 00, 

q — 1 m 

which is the analogue of (|1.1|) . Here q = 2k — 1. We define discrete logarithms on 
the generators 

logj : Y -> Z 
A{ 1 ► 5ij . 
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The above definition extends to F by requiring that log.,- is an additive homomor- 
phism. Hence log^ counts the number of occurrences (with signs) of the generator 
Aj. We let 

(16) T ^ 7L k 

7 ^ (logi(7),---,log fe (7)). 

This map <& makes explicit the abelianization of T, exactly as <fi does, and it is well- 
defined on conjugacy classes. We therefore think of the images of <£- as analogous to 
homology classes in M (they are homology classes for a certain graph constructed 
in 13.1(1 . We investigate how conjugacy classes of the free group are distributed in 
the lattice Z fe . For B C Z fc we consider 

11* (m) = #{{7} G {r}| wl ({ 7 }) < m, $({7}) G B}, 

where {r} is the set of conjugacy classes of T. Let ||-|| be the standard euclidian 
norm. In this case we write d(B) = dn.n (B) in (|1.2|) . We will say that the conjugacy 
classes are equidistributed on a set B C Z fc with respect to ||-|| if 

1 f n B (m) n B (m + i) ^ 
(L7) HnM" + n(m + i) )^ d W> as ™-°°- 

As in (|1.3|) this only makes sense if the density d(B) exist. The fact that we look 
at averages over m and m + 1 turns out to be natural. See Remark II . 91 below. We 
prove the following result: 

Theorem 1.6. Let B C Z fc be a set that has asymptotic density with respect to 
||-||. The conjugacy classes in a free group of k elements are equidistributed on B 
with respect to \\-\\. 

We state a particular case of Theorem 11.61 

Corollary 1.7. Let C consist of the points with relatively prime coordinates. Then 

1 /n c (m) n c (m + 1)\ 1 



2 V n(m) n(m + 1) J 

We note that C has density 1/C(fc) by [H]- 

Remark 1.8. The main idea in the proof of Theorem 1 1.61 is to analyze the relevant 
counting functions 

(1.8) E X(7), 

wl(7)<m 

(the sum only runs over cyclically reduced words) where x is a character on T, 
using an identity due to Ihara. This identity gives an expression for the generating 
function for x{l) as a rational function. This enables us to give asymptotic expan- 
sions with an error term for (|1.8I) . We integrate over the character variety to pick 
up a specific homology class. The identity for the Ihara zeta function is analogous 
to the Selberg trace formula as encoded in the Selberg zeta function. 

We obtain a new proof of the local limit theorem for free groups of Sharp 
using the spectral theory of a simple graph, rather than the thermodynamic for- 
malism and subshifts of finite type. We also obtain improvements on average. (See 
Theorems O and El ) 

Remark 1.9. In Theorem 11.61 we cannot in general get a limit without averaging 
for m and m + 1. If B = {v \ Vi = cii (mod h) ,i — 1, . . . , k}, where all the moduli 
li, ■ ■ ■ Ik are even the limits over the subsequence with m even and the subsequence 
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with m odd exist and are computed in Section 13.51 and they do not coincide. If at 
least one modulus is odd we do not need to average, i.e., in that case 

,. n B (m) 1 

hm —— — — = — . 

m—>oo H[m) ti • • • tfc 

Remark 1.10. Theorem II .61 for B — {v\ Uj = (mod ij) , i = 1, . . . , k} for moduli h 
prime and I2 = . ■ ■ = Ik = 1 was first proved (in a slightly different formulation) by 

I. Rivin, ^Sj, using graphs, and Theorem 1 1.61 in the case of a singleton set follows 
also from [231 - Our proofs are more elementary than ^H] in the following sense: (a) 
we use a simpler graph, in fact one with a single vertex, (b) the analysis is simpler, 
since we have the Ihara zeta function identity, and we do not use asymptotics of 
special functions, like Chebychev polynomials, used in |18| . 

Remark 1.11. An element 70 G T is called a test element if every endomorphism 
of F fixing 70 is an automorphism of T. The property of being a test element has 
been studied extensively. We refer to for further explanations and references. 
The property of being a test element can be characterized by relative primality of 
discrete logarithms. Recently Kapovich, Schupp, and Shpilrain [TT| used Corollary 

II. 71 to prove that the property of being a test element in the free group on two 
generators is neither generic nor negligible in the sense of Gromov ([Jj, [H])- In 
fact, this was the application that initiated our interest in the present work. This 
seems to be the first known non-trivial example of an interesting property in the 
free group on two generators which is neither generic nor negligible. It appears 
that Kapovich, Rivin, Schupp, and Shpilrain now have a proof that the property 
of being a test element is neither generic nor negligible that does not use Theorem 
11.61 (see ^3)- However, they use the invariance of C under the action of SL/-(Z). 
Our Theorem II .61 makes no such assumption and, consequently, can be applied in 
more general situations. 

2. Counting closed geodesics on Riemann surfaces 

Let M be a smooth compact Riemann surface of genus g > 1 without bound- 
ary. Any such Riemann surface may be realized as r\H where H is the upper 
half-plane and the fundamental group T is isomorphic to a discrete subgroup of 
PSL2(M). There exists a fundamental set of generators {a±, . . . a g , b±, ■ ■ ■ ,b g } = 
{Ci, . . . , C2 g } C r satisfying the relation 

[ai,6i] • • • [a gi b g ] = 1. 

There exists a basis w\, . . . LL>2g of harmonic 1-forms, dual to Ci, . . . C2 S , i.e. 

Uj = Sij. 

Ci 

The first homology group Hi (M, Z) can be identified as 

f 29 1 

(2.1) H ± (M, Z) = I J2 n o C h n i e z f- z29 - 

For 7 G r with homology J^j n jCj we write 1^(7) = (m, . . . , ri2 g ) G J? 9 . For 7 G T 
and e G M? 9 /Z 2g we consider unitary characters 

Xe(-) : r - s 1 

7 e 27ri<0( 7 ), £ )^ 

We consider the set of square-integrable x £ -automorphic functions, i.e., the set of 
/ : H -> C such that 

(2-2) f(iz)=xe(l)f(z) 
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and 

(2.3) f \f(z)\ 2 dp,(z) <oc, 

where F is a fundamental domain for T\H. Let L € denote the Laplacian defined 
as the closure of —y 2 (d 2 + dz) defined on smooth compactly supported functions 
satisfying (|2.2(l and (|2.3(l . The Laplacian is self-adjoint and its spectrum consists of 
a countable set of eigenvalues < Ao(e) < Ai(e) < . . .. By the maximum principle 
is an eigenvalue if and only if e = 0. The behavior of Ao(e) for e small is of 
fundamental importance to our investigation. 

Proposition 2.1. Jl\ Lemma 2.1, 2.2] Let Ao(e) be the first eigenvalue of L e of a 
surface M with g > 1. Then 

(i) Ao(e) is real analytic in e near e = 0. 

(ii) e = is a critical point for Ao(e). 

(hi) at e = the Hessian H = {a-ij} is positive definite and satisfies 



d 2 X (e) 



and det ( (u>i ,U)j)) = 1 . 



2tt 



We use this information about the smallest eigenvalue to count closed primitive 
geodesies on M with certain homological restrictions. The prime geodesies on M 
are in 1-1 correspondence with the primitive conjugacy classes of V. Hence by an 
abuse of notation we want to count geodesies {7} with a given homology class 
^({7}) = a - Here {7} is the conjugacy class of 7 in L. The main tool is the Selberg 
trace formula for L(e) (see (SSElEEl)- This relates the eigenvalues {Aj(e)}^ to the 
length spectrum of the surface, i.e., the set of lengths of the closed geodesies. Here 
l 7 is the length of the corresponding geodesic. We define - following ^| (2.26), 
(2.29)] - 

R ^ T ) = sin h(L/2)- 

<Ki)=ot 

The ' on the sum means that we only sum over prime geodesies. 

It is customary to introduce Sj(e) subject to \j(e) = Sj(e)(l — sj(e)), 5i(sj(e)) > 
1/2, 3(sj(e)) > 0. Hence Ao(e) close to zero corresponds to so(e) close to 1. It is 
straightforward to translate Proposition ^ . II into statements about So(e). The trace 
formula gives estimates for 



^^sinMW 
Let x" = exp(27ri (a, e)). The orthogonality of characters, i.e., 

Xe(7)xf de = h(i)=a 

2 9/Z 2 9 

allows to integrate the trace formula over R 2s /Z 2ff to get the following result: 

Lemma 2.2. |17l (2.37)] For all p > sufficiently small there exists a v < 1/2 
such that for all a € I? 9 

r ( So ( e )-l)T 

(2.4) R a (T) = 2e T ' 2 / — ^de + 0(e» T ). 

Jb(p) s o(e) - 1/2 

Here B{p) is the open ball at zero with radius p and the implied constant depends 
only on M . 
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Remark 2.3. We remark that there is a factor 2 missing in the formula |171 (2.37)]. 
This is due to the fact that in the trace formula |17l (2.27)] one should take the 
eigenvalue parameters ±rj(9), and the contribution of the smallest Xq(8) should be 
counted twice. A small typo in |17l (2.44)] gives an extra factor 1/2 so JZ] still get 
the correct asymptotics (|1.4f) . 

Phillips and Sarnak used a stationary phase argument on the integral (|2.4|) to 
find the asymptotic behaviour of R a (T). The asymptotic formula l|1.4|) follows. 
Since we want to consider closed geodesies whose homology lies in more general 
sets than singletons, we consider 

Ra{T)= £ si nh(L/2)' 

where A is any subset of I? 9 . The following lemma shows that in a certain sense a 
geodesic cannot have arbitrarily 'large' homology in comparison to its length: 

Lemma 2.4. There exist a constant c > such that for all 7 G T 

\m\ < clj 

where ^(7) = [n 1 ,...,n 2g ) 

Proof. This follows from Lemma 2.1 in |lfi| . for example, where in the present case 
the relevant modular symbol is formed using the cohomology class ioi . □ 

It follows from Lemma f2. 41 that 

Ra(T)= 

\ai\<cT 

As far as asymptotics are concerned, we may restrict to a sum over much smaller 
sets. We use the auxiliary function 

R A {T) := R ^ T )- 

\ai\<VTlogT 

We shall later prove (Lemma 12 .7|> that for sets A with asymptotic density Ra{T) ~ 
Ra{T). 

To find the asymptotic behavior of Ra(T) we shall use a technique based on 
change of variable as in jJSJ ^] . This has the advantage over the stationary phase 
argument used in that it is easier to keep track of several homology classes 
simultaneously. 

Let N ~ {(u>i, ojj)}- The identity 

r -(a.N- 1 a)/2a 2 T 

(2.5) / e-^ N ^°* T ^de = — 



(2ira 2 T)9 

can be easily checked using the Fourier transform. We now fix a~ 2 = 2ir(g — 1). It 
is easy to see that the integral (|2.5|) over M. 2g \ B(p) is of exponential decay and we 
conclude that up to an error term of exponential decay 

R A {T) v e -^-N-' a )/2o-T 

|ai|<VTlogT 

At,, UoW - 1 ) t A 

\ai\<VTlogT 
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Using Cauchy-Schwarz on this integral we can bound it from above by 



(2.6) 



V 



B( P ) 



e (s ° (e) - 1)T e - W WT/ a 



2s (e) - 1 



de 



B{p) 



E 



Xc 



de 



\ ai \<VT\ogT / 



The last factor is 0(T 9 ^ 2 log 9 T) since it can be bounded by 



(2.7) 



1 /2 



|ai|<\/TlogT 



To bound the first factor in (|2.6|) we need the following elementary proposition. 
The first two parts appeared previously in e.g |231 12"1] but we recall them for the 
readers convenience. 

Proposition 2.5. Let 

o~~ = 27r(y — 1) and N = {(uii, ujj)} . 

(i) For every €q £ R 2g 

e (s (e /2iraVT)-l)T _^ e ~{e Q .Ne )/2 

as T — > oo . 

(ii) There exists 5 > smc/i that for all ||e|| < dVT. 

< 2e -<^>/4_ 



e (s (e/27r*VT)-l)T _ e -{e,Ne)/2 



(iii) For all < 6 sufficiently small there exist a constant C > smc/i i/iai /or 
aZZ llell < T e , 



e Oo(e/2Wr)-l)T _ e ~{e,Ne}/2 



< c- 



1 



yl-20 ' 

(iv) Let < i/ < 1/4. For eiiery fc > £/iere exist positive constants 61,62 such 



that 



e (s (e/2WT)-l)T _ e -(e,AT£>/2 



< 



-i/(e,iVe) 



when <5iVIogT < ||e|| < <5 2 VF 



Proof. Consider the function /(e) = e s °' £ ^ _1 . Since Ao(e) = so(e)(l — So( e )) it is 
easy to derive from Lemma l2~D that at e = we have V/ = and that the Hessian 
of / at e = is — Att 2 o- 2 N . Since so(e) is even, any odd number of derivatives of 
So(e) at e — must vanish. Hence by Taylor's theorem we have 



We have 



/(e /2WT) = l-^^Uo 



2T 



and, therefore, for T sufficiently large 



(2.8) 
where 

(2.9) 



/(e /2WF) T = ( l- 



|i?(e ,T)|«]T 

k=l 



(e Q ,Ne Q ) 
2T 



eo/VT 



R(e ,T), 



T\ C k \\e \\ 
k T 2k 



J^2 
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The first result now follows from 



(2.10) 



lim (1 - x/T 

T — >oo 



c\T 



if C= 1 
if C> 1 



For the second result we can choose 8 sufficiently small such that for ||e|| < 5 

/(e)-l<-i( e ,47rV7V e ). 

Using (l-x/T) T < e~ x we find that for ||e|| < 52tt<tVT we have /(e/27rcr\/T) T < 
e -<c,A f e>/4 f rom w hich ijiijl easily follows. 

To prove (|m)l we need to consider the rate of convergence in 1)2.10(1 . We first 
consider c = 1. We use the Taylor series of log(l — u) to see that 

x + T\og(l-x/T) -> 
as T -> oo. In fact it is 0(x 2 /T): 

00, 00,- OO / i /rfl i 

j=l J j=2 J 1 V 

Since (e u — l)/u — > 1 as u — > 0, we have e 11 — 1 = O(u) for u going to zero. We 
assume that |a;| < 8'T X I 2 . Hence \x\ 2 /T can be made small by making 5' small, 
and we have: 

e z+Tio g (i-*/T) _ 1=0 ( x +Tlog(l - \x/T\)) = 0(x 2 /T). 

By multiplying with e" 1 we get 

(1 - x/T) T - e- x = 0{e- x x 2 /T) 

which holds for all \x\ < 8'T 1 ' 2 . We note that e~ x x 2 /T < T- 1+2B when < x < T e . 
Hence for any 8 > there exist Cg such that when < x < 5'T e 



\x/T\ 



(1 -x/T) 1 



<C e T 



-1+20 



For the case c > 1 we have Tlog(l - x/T c ) -> and, in fact, Tlog(l - x/T c ) = 
0(x/T c ~ 1 ) by the same argument as before. So when \x\ < JT C ~ 1 

(1 - x/T c f - 1 = e Ti°g(Wn _ l = 0(Tlog(l - x/T c )) = 0{x/T c - r ). 

Hence there exist a constant B > such that if we fix b < c — 1 and restrict x in 
the set |af| < 5'T b we have 

(2.11) (1 - x/T c ) T - 1 < BT 1+b - c . 

Using 1)2.8(1 we have 

T 



f(e/2naVT) T 



1 



2T 



R(e,T) 



whenever ||e|| < 52naVT. We take c = 2 in lf2~TTjl . Let b = 1 - r) < c - 1 = 1. 
Hence there exist a constant C > such that if we let 

\4 



{e,e)<5"T 1 ' 2 and (e,e) 4 <<5"T b 
J(e/2WT) T - e ~^/ 2 < CmaxfT 26 - 1 , T^). 



-u(e,Ne) 



then 



The proof of follows easily. 

The claim in (IrvTl follows from flUl) since 
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when <5 1A /log(T) < || e || 



□ 



Using Proposition ^ . 51 and the discussion immediately before it, we are now ready 
to state and prove the following result: 



Lemma 2.6. 



R A {T) v e -(a,Af-^)/2 g T 

4e T / 2 ^ (2ircr 2 T)9 

\ai\<VTlogT 



0{T~ i+e ) 



where the implied constant does not depend on A. 

Proof. By and (JZIJl the result follows if we can bound 

e ( S0 ( £ )-l)T 



B{p) 



-(e,Ne)4-K 2 a 2 T/2 



2s (e) - 1 



de 



sufficiently well, i.e. 0(T~ 9 ~ 2+e ). We make a change of variable and get a constant 
times 

2 



(2-12) 



(s (e/2 V aVT)-l)T 



-(e,Ne)/2 



i B(2tt<tVTp) 

We now split the integral in two 



2s (e/27raVT) - 1 



de 



h(T)+I 2 {T) 



B(2iraVTp) 



||<(5iVlogT <5iv^ogT<||e||<5 2 \/T 



where Si are constants as in Proposition ^. 51 l(iv|) with k = 1. We may safely assume 
that p from Lemma l2~2*l has been chosen so small that it is less than 5 2 ■ Since So(e) 
is even with sq(0) = 1 we have 

(2-13) |(2 So (e)-l)- 1 -l| <C||6|| 2 

when ||e|| < p. Hence the integrand is bounded by 



e ( S0 (>/2WT)-l)T _ e -{e,Ne)/2 



c 



,Oo(e/27r<T\/T)-l)T 



kll'r- 1 



which by Proposition 12. 51 |u|l is bounded by 



e (s (e/2n*VT)-l)T _ e -{e,Ne)/2 



+ 2C(e-^ € ' Ne '>T~ 1 ) 2 , 



for some small p > 0. 

Using Proposition 12. 51 (|ui|l with 9 sufficiently small we now easily get 

h(T) = 0(log°(T)/T 2 - 2 <) 

and from Proposition 12. 51 (|rvjl we easily see that 

h{T) = 0{T- 2 ). 

It follows that the expression in (flTT^ is 0(T~ 9 log 9 (T)/T 2 ~ 2t ) and the result 
follows. □ 

To translate Lemma l2~^l into a statement about all closed geodesies of length at 
most T we will prove that for 'most' geodesies of length at most T the corresponding 
homology classes a are rather 'small'. To be precise: 

Lemma 2.7. For any set A C Z 2 » , R A (T) = R A {T) + o{e T / 2 ) as T -> oo. TTie 
implied constant is independent of A. 
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Proof. Consider first A = Z 2g . It follows from (£3J that R Z 2 9 (T) ~ 4e T / 2 , and it 
follows from Lemma f2. 61 and Lemma \2 .101 that Rj2 g {T) ~ 4e r / 2 . Hence the claim 
is true in this case. 

For a general set we notice that 

R A (T) - R A (T) < R Z 2 S (T) - R Z 2 S (T), 

which is o(e T / 2 ) by the corresponding claim for A — J? 9 . □ 

We are now ready to prove a result which improves the error term in Sharp's 
local limit law |24l Theorem 1] on average. The proof combines Lemmata 12 . 61 l2~71 
and then uses partial summation to derive the result, 

Theorem 2.8. Let a 2 = (2n(g - We have 

^A{T) _ ST^ 1 -{a,N- 1 a)/2a 2 T f) 

e T IT ^ (2iTa 2 T)3 ' 

|Q;|<\/TlogT 

as T — > oo . 



We notice that by GauB-Bonnet the variance a 2 equals the inverse of half the 
volume of the surface. 

Proof. It follows from Lemma T2. 61 and Lemma f2. 71 that 



R A (T) ^ e 



(a,N- 1 a)/2a 2 T 



4e T / 2 ^ (2ttct 2 T)9 

|cn|<VTlogT 

We have 

n A (T)= f T ^^dR A (s)= [ Tc <ft d R A ( S ) + 0(l). 
Jo s J Q 2s 

Integrating by parts we find 

(2.15) tta(T) = ^Ra(T) £ ^-/ /2 Ra{s) ds + £ ±e s / 2 R A (s)ds + 0(1). 

Using R A (s) = 0(e s / 2 ), which follows from QLlfl . we easily find that the last integral 
is 0(e T /T 2 ). We claim that 

(2.16) C -e s / 2 R A (s) ds = ( —^-R A (T) + o(e T /T) 
Jo s 1 

from which it follows that 

ir A (T) = ^-R A (T)+o(e T /T). 

Substituting this into (|2.14() we get exactly the statement of Theorem 12 .81 

To prove the claim we notice that by Eq. (|2.14(1 and Lemma 12.111 we have 
R A (T) = 4rf||.|| (A)e T / 2 +o(e T / 2 ), so there exist a positive function g(T) decreasing 
to zero as T — > oo such that 

(2.17) \R A (T) - 4d| M | M (A)e T / 2 | < g(T)e T / 2 . 
Consider now 



f 1 e s ' 2 e T / 2 

/ R A {s)ds-—R A (T) 

Ji s T 
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as the second term is Ad\y\\ M {A)e T /T + 0(e T /T 2 ) and we use (jTTTjl to get 

= [ e ~Y ( Ra(s) ~ 4d w-hM) eS/2 ) ds + °( eT / T )- 

We split the integral into an integral from 1 to T/2 and from T/2 to T and use the 
bound (J2HZJ): 



T/2 e s/2 



T „s/2 



(R A {s)-M MM {A)e s ' 2 )d S 



<g(l) 



T/2 e s 



f — (R A (s) - M H JA)e s / 2 ) ds <g(T/2) f 

JT/2 s \ / Jj 



! S 

T „t 



ds = 0{e T/2 /T) = o(e T /T), 



< g(T/2) / -ds = 0{g{T/2)e 1 /T) = o{e L 

'T/2 s 

This concludes the proof of the claim (|2.16(l . □ 

We claim that the sum in Theorem 12.81 converges to the asymptotic density of 
the set B with respect to ||a;|| M := (x,N~ 1 x^ whenever this density exists. This 
implies the main Theorem ll.il i.e., the following result: 

Corollary 2.9. Let A C 1? a . If A has asymptotic density with respect to \\-\\ N 
then 

as T — > oo . 

To prove the claim about the sum in the Theorem 12 . 81 we proceed as follows: 

Lemma 2.10. Let f(t) = {2i{<7 2 )~ 9 e~( t,N t )/ 2a f where N is any symmetric pos- 
itive definite matrix of determinant 1. Then 

f(f3 1 /VT,...,/3 2g /VT) 



E 

/36Z 2s 
|/3«|<VTlogT 



T9 



1, 



as T — > oo. 

Proof. Let a E R+ and let logT > a. Then the sum splits as 

f(p 1 /VT,...,f3 2g /VT) ^ f(/3 1 /VT,...,f3 2g /VT) 



E 

/3ez 29 

\/3i\<VTa 



T'J 



E 

aVT<\f3i\<VTlogT 



T'J 



The first sum is a Riemann sum with box volume T 9 . It converges to Ji t i <a f(t)dt. 
The second sum is less than the 2g'th power of 
C 

VT 



E 



e-M/sf/r < 2C / e'^dx 



aVT< | /3i | <VT log T 

for some C, (i > 0. This clearly converges to zero asa->oo. 

Let e > be given. Choose a large enough that fu\ <a f(t)dt— 1 < e/3 and 

2C/ o 0O e-^ 2 dx < (e/S) 1 /^. Then by using the above splitting of the sum we see 
that 



f((3 1 /VT,...,[3 2g /VT) 



/3ez 2fl 
Iftl^VriogCT) 



- 1 



<e/3 + e/3+((e/3) i ^ 9 ) 



l/2 s \2 ff _ 
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for T large enough. □ 

We now show how one may restrict the sum in the above lemma to a sum over 
a set with positive density. 

Lemma 2.11. Let f(t) = (2ncr 2 )~ 9 e~( t ' N *)/ 2<T where N is any symmetric pos- 
itive definite matrix of determinant 1. Let [[|sf|||iv := (x, N~ 1 x}. Assume that 
B C I? 9 has asymptotic density d\\\.\\\ N (B) with respect to \\\ ■ |||jv- Then 



1^ jTg > d \\\-\\\N( B ) 



\bi\<VTlogT 

as T — ► oo. 

Proof. We claim that for any set A C J? 9 
(2.18) 



v /(/3i/vT,...,/3 2g /yT) f(p 1 /VT,...,p 2g /VT) _ 

Iftl^v^logT lll/3|||jv<VTlogT 

as T — > oo. To see this we use that all norms on M. 2g are equivalent to conclude 
that there exist positive constants k, K, and fi such that the absolute value of the 
left-hand side is bounded by 

v /(/3iA/r,...,/WVr) v e -^/T... e -^i a /T 

2-^i X 9 T 9 

/3GZ 2s /3ez 2s 
fcv^logT^l^il kVTlogT<\f3i\ 
\0i\<KVT\ogT \/3i\<KVTlogT 

< ( 2 / e-^'dx) 9 -» 

V JklogT J 

as T — > oo. 

Fix e > and choose Xq such that for r > ro we have 
(2.19) (d MlN (B) - e) < | {/3eZ 2 9 | P^<7^ ^ (<%III*( S ) + £ ) 



We assume that VTlogT > r and use summation by parts to get 

v /QVVr,...,/WVr) _ 1 v e -m\\*/^T 

2^ (2tR7 2 )S ^ T9 

|||/3||U<V5MogT \\\/3\\\ N <VTlogT 

= {PeB\ \\\(3\\\n < VTlogT} 
1 



e - log 2 T/2<x 2 
(27rcr 2 )9 



VTlogT . -t 2 /2a 2 T 

|{/?6-B| Hi/Jin^}!—- di + (i) 



(2na) 9 <7 2 T J ro 1 111 ^ ll|JV " Jl Tf 

We now use Ij2.19ll and summation by parts backwards to conclude 

/3ez 2fl 

lll/3|||iv<%/TlogT 
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Using this, Lemma [2.101 and (|2.18() we conclude that 

hmsup ^ — 2 <d|||.|||^(fl). 

|ft|<\/TlogT 

Working similarly with liminf gives the result. □ 

We notice that ||| • \\\n = \\-\\ M when N is the matrix {(u>i,ujj)}. Hence Lemma 
12. Ill proves the claim needed to conclude Corollary 12. 91 

3. Densities in free groups 

Let T = F(Ai, . . . , Ak), k > 2 be the free group on k generators and set q = 
2k — 1. We consider the set T c of cyclically reduced words in T, i.e. words such 
that the first letter multiplied with the last letter is not the identity. These words 
7 can be counted according to their word length wl(7) and one finds (see |15M18| 1 
that the number of cyclically reduced words of word length m equals 

(3.1) #{ 7 G T c | wl ( 7 ) = to} = q m + 1 + (k - 1) (1 + (-l) m ) . 

We note that an element 7 G T and the corresponding cyclically reduced element 
has the same value for any discrete logarithm and therefore for the vector of discrete 
logarithms $(.9), as in Hl.fijl . 

We want to consider conjugacy classes of V of length ^({7}) < to instead of 
cyclically reduced words of word length less than m. The length of a conjugacy class 
is the cyclically reduced length of any representative of the conjugacy class, which 
is also the minimal length of the representatives of the conjugacy class. There is a 
m to 1 correspondence between the set of cyclically reduced words of word length 
to and the set of conjugacy classes of T of length m, taking a cyclically reduced 
word to its conjugacy class in T. The map $ factorizes through this correspondence 
and it follows that for any set B C Z fe 
(3.2) 

#{7 g r c | wl (7) = ™, $( 7 ) £ B} = m#{{ 7 } e {r}|/({ 7 }) = m, $({ 7 }) e B}. 

Using partial summation we find 

#{{7}e{r}|i({ 7 })<m,$({ 7 })eB} - ^#{7 e r c | wi( 7 ) < m,$( 7 ) g b} 

/m 
r 2 #{ 7 G r c | wl (7) < t, $(7) G B}dt. 

We use (|3.1fl to bound the integral by 

/ r 2 * dt, 

Ji q-l 

which is easily seen to be 0(m~ 2 q m ) by partial integration. 
Hence 

(3.4) #{{7} g {r}|;({ 7 }) < to, 4>({ 7 }) g B} 

=to" 1 #{ 7 G T c | wl (7) < to, $(7) G B} + 0{mT 2 q m ). 

We can, therefore, freely move back and forth between counting problems for con- 
jugacy classes and counting problems for cyclically reduced words. Using H3.4(l and 
(pH|) we get 

II(to) ~ as to — > 00. 

q — 1 to 
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3.1. A graph identity. We can now explain how to estimate counting functions 
related to cyclically reduced words using spectral perturbations of the adjacency 
operator of a graph: for any unitary character x on T we have the following identity 
(see [ISJ) 



OO 

(3.5) V n r , x (m)u r > 



(1-u 2 ) l-uA{T lX ) + {2k-l)u 2 '- 



\- ,..,..„. 2(k-l)u 2 , uA(T, X )-2(2k-l)u 2 

where 

(3.6) n T . x {m) = ^ X (l) 

wl(7)— m 

and 

k 

(3.7) 4(r,x) = X>(.i,) + \(.i,r'> 

=i 



is the twisted adjacency operator of the graph to the right of Figure [21 The power 
series (|3.5fl is convergent up to the first pole of the right-hand side. 

This identity is the main analytic tool we use to prove Theorems 11.61 It is a 
particular case of the Ihara trace formula which relates geometric data (lengths of 
paths) to spectral data (eigenvalues of the adjacency operator) for a finite regular 
graph. In |15| we showed how one can interpret additive characters on free groups 
as multiplicative characters on a singleton graph and it is this identification that 
gives (I3.5|) . We refer to ^S] f° r further details. We have (assuming for a moment 
that Ai ^ A 2 ) 

1 1 



1 - uA(T, x) + (2k - l)u 2 2k-l\ 1 - \ 2 \u- \ x u - A 2 , 
where Ai = Aj(x, T) are the roots of 1 — uA(T, x) + (2k — l)u 2 . We note that 
(3.8) Ai + A 2 = A(T, X )/(2k - 1), AiA 2 = 1/(2* - 1). 

We have 



(3 ' 9) Al - 2(2*^1) ' 



A(T,x)- VA(T,x) 2 ~^(2k-l) 
2 2(2* -1) 

Remark 3.1. We note that if A(T,x) 2 - 4(2fc - 1) > and A > then Ai is a 
strictly increasing function of A(T, x), while A 2 is a strictly decreasing function of 
A(T, %). As A(T,x) varies in [2\/2k — 1, 2fc] and attains its maximal value 2k we 
have 

1 11 
V2k~ T - ' V2k~l ~ 2 ~ (2*-l)' 

with the numbers on the right achieved for the trivial character. 
When \ A(T, X )\ < 2y/2k - 1 we have |Ai| = |A 2 | = 1/V2* - 1. 
When A(r, x) 2 — 4(2k~ 1) > and A < then A 2 is a strictly increasing function 
of A(r,x), while Ai is a strictly decreasing function of A(T,x)- As A(T,x) varies 
in [—2k, —2\j2k — 1] and attains its minimal value —2k we have 

' > Ai > } -1 < A 2 < -- ' 



2*-l~ ~ V2fc- 1 ~ ~ y/2k - 1 

with the numbers on the left achieved at the infimum of A = —2k. 
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t 



Figure 1. The trajectories of the eigenvalues as A moves away 
from 2k. 





Figure 2. The graph and its two-cover, n = 4. 



Remark 3.2. The Xj, j — 1,2 are not the eigenvalues of the Laplace operator A(x) = 
A(x) — (q + 1)1- The relation is as follows: The resolvent of A is (A(x) — /-0 -1 and 
has poles at the eigenvalues of A(x). Simple algebra shows that 1 — uA(x) + qu 2 = 
— it(A — (u — l)(qu — l)/it). When \ — 1, we have A = q + 1, A = and the 
corresponding it's in the resolvent are 1 and l/q. When x — — 1 (i- e - x(^-i) = — 1); 
we have A = —(q + 1), A = — 2(q + 1) and the corresponding it's are —1 and —l/q. 
Now recall that for x — 1 an d a general finite graph the eigenvalue q+1 of A occurs 
and the eigenvalue — (q + 1) of A occurs if and only if the graph is bipartite, see 
[2T)I p. 67]. In our case the eigenvalue — (q + 1) occurs when \ = — 1. In this case 
the character has order 2 and gives a double covering of the graph in Fig. which 
is bipartite. It consists of two vertices, joined by 2k edges, see Fig0 Its spectrum 
contains Spec(^4(x)) for x = — 1- The adjacency operator is 

2k 
2k 

with eigenvectors (1,1) and (1,-1) with eigenvalues 2k, —2k respectively. 

3.2. Detecting words with a given homology. We now explain how to use the 

orthogonality relations to count words with a given homology. Using 

2(fc-l)it 2 



= (*-!)£ (l + (-l) fe ) u k , 



and 



1 oo 



u — A 



we find from (j3.5|l the following generalization of (|3.1(l 

(3.10) n rtX (m) = + X^ m + (k - 1) (l + (-l) m+1 ) . 

The same expression holds when Ai = A2, which can be seen by plugging A 
2V2fc - 1 into E3. 
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Consider now $ : T c — > Z k with $(7) = (log! (7), . . . ,log fe (7)). For [3 € Z fc we 

let 

(3.11) n r ,ff{m) = #{7 G r c | wl (7) = m, $(7) - /?}• 

Consider the unitary character 

Xe(7 ) = e 2-<*(7),e> ) 

where e G R fc /Z fe and (•, •) is the inner product between Z fe and its dual R fc /Z fc . 
For (3 € Z fc we define the unitary character 

X /3 = e 27r J (/3,e) _ 

Then by the orthogonality relation for abelian groups we have: 



(3.12) 

It follows that 
(3.13) 



R k /Z k 



n T ^(m) = / n r ,e(m)xtde, 

JR k /Z fc 



where we use the notation nr*, e := ?ir,x e - We shall also write A(e) := A(r, % e ), 
Aj(e) := Ai(x e ), and (^(e) := Aj(e) _1 , and g = 52(0) = (2k — 1). The equations 
(Engl) and EIJ) give 



n r „a(m) 



It is easy to check that 



(X 1 (er + X 2 (er) X ^de + 0(q- m )- 



A(e) = 2^cos(27re i ). 

i=i 

Clearly there is a symmetry A(e+ (1/2, . . . , 1/2)) = — A(e) from which we conclude 
that 

A 2 (e+(l/2,...,l/2)) = -A 1 (e). 



(3.14) 



4 

n r ,0(m) 



Using this and 1/2) = (— l)^ 1+ -" +/3fc xf we see that 



(1 + (_i)m+ft+...+/3 fc) / A^erxf^ + O^-" 1 ). 



We have the following analogue of Proposition 12. 51 
Proposition 3.3. Let 



(i) For every £q £ 



4^ 
fe-1' 



Ai(e /p^r->e-< e °>^/ 2 , 



(ii) There exists 5 > swc/i that for all \\e\\ < bp\fm. 



m _ p -<e,e>/2 



< 2e-< e ' e >/ 4 . 



(iii) For every 8 > sufficiently small there exist a constant C > swc/i i/ia£ 
/or aZ/ to S N, ||e|| < (5m 9 , 

1 



< C- 



,1-261 ' 
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(iv) Let < v < 1/4. For every k > there exist positive constants 81,82 such 
that 



\ 1 {e/psM) m -e-^/ 2 



< 



when 5iyTogm < ||e|| < 8i\frn. 



Proof. The proof is essentially the same as the proof of Proposition l2.5l The minor 
differences are omitted. □ 

3.2.1. Elements with a given word length. We let I(v) = [~v/2,v/2] k . Using 
and performing the change of variables e — ► e/py/m in (|3.14(l we find that 

1 J /(p-v/m) 

where sp tTn = 1 + (— 1)™+^ h ^f=. Using the Fourier transform of the Gaussian 
density function 



we can split the relevant integral into three parts to conclude that 



J B(Spy/rn) 



(3-15) + sp, m / x^, _Ai(e/pV™) <fc 

Jl(p^m)\B(Sp^) " v 



JR fc \B((5pV™) 

=s /3>m (A 1 (m I /3) + A 2 (m, /?) + A 3 (m, 0)) + O^m^ 2 ). 
Lemma 3.4. There exists a d > 0, depending only on k and 8, such that 

A 2 (m,0) = 0(q- dm ) 

Mm,0) = 0(q- dm ). 
The implied constants are independent of f3. 

Proof. For e bounded away from the identity in R fe /Z fc , Ai(e) is bounded away from 
1, which is the maximum of Ai . Hence there exists d\ > (depending on 8) such that 
Ai(e) < q- dl for e € I(1)\B(S). We, therefore, have |A 2 (m,/?)| < Cq~ dl " l m k / 2 . 
Choosing d — di/2 does the job. 

Since — (e, e) /2 + (8 p^pm) 2 / '4 < — (e, e) /4 when e G B(8py/m) c , we conclude 

e p2<52m/4 A 3 (m,/3) <4 / e -<«.«>/4 < C, 

from which the result easily follows. □ 

We have the following lemma. 
Lemma 3.5. There exist d > which depends only on k such that 

pfemfc/2 ^m) _ S/? m(27r)fe /2 e - W -D/ 2 ™ = Sfj mAl{mi + 0{q - dm)j 

where the implied constants is independent on [3. 

Proof. This follows directly from Ij3.15|) and Lemma fa. 41 □ 
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3.2.2. Elements with word length less than a given length. We now let 

Nr(m) = #{ 7 er c |wl( 7 ) <m}, 

NrA m ) = #{7er c |wl( 7 )<m,$(7) = /3}. 

We aim at proving a result for iVr^m) analogous to Lemma [3.51 We note that 
from H3.1[) we get 

„m+l 

(3.16) N r (m) = ^ — - + 0(m). 

We shall write (3 ~ m if (3 S Z fe and m £ N has the same parity, i.e. if m+j3\+. . .+(3k 
is even. Using (j3~TI|) we find that 

(3.17) N T , (m) = 2 f V <f Ai(e)"^efe + 0(m). 
Writing 



n~/9 



we have 



1, if /3i + . . . + k is odd, 
0, otherwise, 



Inserting this in (|3.17J) we find that 

^ 2 y_2^£j +2+8,3 
~q 2 ~l 

where 



(?Ai(e)) 2 -l 



NrAm) = 2 9 " „ " 1 / X?^(e,m)A 1 (e) m de + 0(m), 



^ (£ ' m)= ( g A l(£ )) 2 -l Al(e) L J 

Clearly gp(e,m) is uniformly bounded in K fc /Z fe , independently of /3, it satisfies 
5/3(0, m) = 1, and close to zero we have gp(e, m) — 1 = 0((e, e)), where the implied 
constant does not depend on m or (3. 

We simplify by taking average over two successive m. It is easy to check that 

1 / N r aim) N r p(m + 1) \ f — a, , , _ m 

' 1 - ' Xeh f3 (e,m)X 1 (e) m de + 0{q m m), 



if m ~ /3, 



2 V-7 m+1 /(9-i) g m+2 /(9-i)/ V/z* 

where 

' 5513 (m, e) + \i[e)gp{m + 1, e 



Me ' m) ~ i ^Ke) + g^te)gg(m+l,e) . 

' , otherwise. 

q + i 

The function hg(m, e) inherits its properties from those of gp{m, e): It is uniformly 
bounded in R fc /Z fe independent of /?, it satisfies ha(0,m) = 1, and close to zero 
hf}(e,m) — 1 = 0((e, e)) where the implied constant does not depend on m or f3. 

We now use the same techniques that lead to Lemma l3~5l We start by doing the 
change of variables e — > e/p^/rn to get (up to an error 0(m k ^ 2+1 q~ m )) 

P 2\ q ™+i/(q-l) q m + 2 /(q-l)J A^) 67 ^ >niw ) 
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In analogy with (|3.15|l we get 

p k m k/2^ ( N r>0 (m) V, ,.[,„- I) 



(3.18) 



2\q m + 1 /{q-l) ' q m + 2 /(q-l)J V ' 

_ Xf/ P ^ (h p (e/pV^, m )\ 1 (e/pV^) m - e^' 2 ) de 



I{p^Wi)\B(Sp^Wi) 



X t/p ^h (e/ py/m,m)Xx(e/ p^/m) de 



=B 1 (m, (3) + B 2 (m, f3) + B 3 (m, /?) + 0{q- m m k l 2+1 ). 
With this notation we have 

Lemma 3.6. There exist d > which depends only on k such that 

pm 2 U m+ 7(9-i) V + 7(<z-i)J {2n) 

= B 1 (m 7 P)+0(q- dm ), 

where the implied constant is independent on (3. 

Proof. Using that h(e/ ' p\fm) is uniformly bounded the proof of Lemma 13.41 can be 
copied almost word by word to prove Biiyn, (3), B 3 (m, (3) — 0(q~ dm ). □ 

3.3. A local limit theorem. We can now state and prove a local limit theorem, 
i.e. a theorem that gives information (uniform in (3) about the asymptotic proba- 
bility for an element to satisfy < 1 ) (7) = (3. To be more precise we have the following 
theorem: 



Theorem 3.7. Let a 2 = (k - l)" 1 . Then 



sup 

/3ez fc 



k/2 n V,p{ m ) _ Sm./j r - (f3. ,13) /2a 2 m 
q m 



0(1) 



and 



sup 

/3ez fc 



(2TTa 2 ) k / 2 

m fc/2 / N r j3(m) N r ,p{m + 1)\ e -(P,P)/ 2 * 2 ™ 



q m+1 /(q-l) q m+2 /(q-l)J {2ira 2 ) k / 2 



= 0(1). 



Proof. We ignore the oscillation and possible cancellation due to \e ■ Using 



sup | At (to,/?) I < 
P 



X 1 (e/aV^) m -e-^/ 2 



de 



lB(Sp^Fi) 

the first claim follows from Lemma 13.51 Proposition 13.31 01 and JuJ and the domi- 
nated convergence theorem. 

By Proposition ^. 31 (fTf) and the decay properties of hp(e, to) close to zero we have 
(using the triangle inequality) 

h p (e/p^K)X 1 (e/p^) m ~ e-^l 2 < C^e~^/ 4 + X^e/aVm)™ ~ e^' 2 

p z m 

when ||e|| < bp\pm. The right-hand-side is independent of (3. Hence 

/ ( cMt e -(^)/i + Xl (e/aV^) m - e-^' 2 ) de. 

The integrand on the right converges pointwise to zero by Proposition l3.3l (|i)l. Using 
Proposition l3.3l we see that it can be bounded from above by C ||e|| e _ ^ e ' e ^ 4 + 



sup|Bi(m,/3)| < 
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2 e ( £ > e )/ 4 which is integrable on E fe . The bounded convergence theorem now gives 
sup^ \B\{m,0)\ — > and quoting Lemma l3~HI we conclude the theorem. 

□ 

Remark 3.8. The statement in the Theorem l3 . 7l concerning nr,/3(ro) was also proved 
by R. Sharp [231 proposition 3]. A related but weaker result was proved by I. Rivin 
[181 Theorem 5.1]. We emphasize that these papers have a different value for a 2 . 
This is due to an erroneous calculation in JSj- The left-hand side of [181 Eq. (22)] 
should read 

l ~ 2n{e + )c 2 -l) (jV-Vfc) (M>+ °G 
Once this is corrected the values of the variances agree. 

3.4. Densities of discrete logarithms in a given set. In this section we show 
that on average we have cancellation in the error term of Theorem 13 . 71 and we then 
show how this implies that the conjugacy classes are equidistributed on all sets of 
density. 

Theorem 3.9. Let a 2 = (k - Assume that B C Z k . Then 



E 



(3eB 

| fii | < \frrh log m 



™ k/2 ( NrAm) NrAm + l) \ _ 1 e - {mi ^ m \ = 



q m+1 /(q-l) q m+2 /(q-l)J (2ira 2 ) k / 



Before proving it we state and prove as corollary the Theorem ll.61 

Corollary 3.10. Assume that B C Z fc and assume that B has natural density 
d(B). Then 

1 (N T ,B{m) , Nr^im+lY 



2 V N T (m) N T (m + l) 



d(B) 



Proof. We notice that \0i\ < m for cyclically reduced words of length m, as all 
discrete logarithms are less than the length. So 



N r . B (m) = 2^ N r , {m). 

(SEB 
\Pi\<m 



^From <[3.16[1 , Theorem 13.91 and Lemma 12.111 we conclude (similar to Lemma 
|2~7|) that 

1 fN r>B (m) t N r , B {m + l)\ ^ 1 f N r ,p(m) , N r ,fi(m + 1)\ Q 



2\N r {m) N r (m + 1) J 2\N r (m) N T (m + l) 

1 0i | < */rn log m 

as m — > oo (i.e. most logarithms are 'small'). The result now follows from Theorem 
ETUI and Lemma HHP □ 

Proof of Theorem \3.9t Quoting Lemma [3.61 we see that the theorem would follow 
from 

Si(m, 0) + 0(q- dm m k ) = o{m k / 2 ). 

!3eB 

\Pi\< sjm log m 

Hence the following estimate would suffice: 

E / Ap^ (h(e/pV^,m)X 1 (e/pV^) m - e^' 2 ) de = o(m k / 2 

o,- t-> J B(So\/m) 



| pi | < i/m log m 



GEODESICS AND FREE GROUPS 



21 



After a change of variables we see that this would follow from 

/ J2 xf (hp(e, m)A 1 ( £ ) m - e^^) de = o(l). 

JB(6) peB V ' 

| f3i | < y/rn log m 

After this point the proof is, mutatis mutandis, a repetition of the proof of Lemma 
12.61 The only new issue is that we need to split the sum into two sums, according 
to the value of 8 p. We shall not repeat the details. □ 

3.5. A more direct proof for arithmetic progressions. In this section we 
prove a slightly more precise version of Theorem 1 1.61 in the case that B is a shifted 
sublattice. Our main reason for doing so is that the proof shows that the average 
over m and m + 1 is essential. 

Theorem 3.11. Let 

Nr, ai ,...,a k {m) = #{76 r c | wl(7) < m,log i (7) = a t (mod k) , i = 1, . . . , k} 

(a) If 2 /(Zi, Z 2 , ...,/fc) we have 

Nr, ai ,...a k (m) _^ 1 

#{ 7 er c |wi( 7 ) <m} hh---h 

as m — ^ 00 . 

(b ) If the lj, j = 1, . . . ,k are all even, then 

1/ Nr, ai ,...,a k (™>) Nr,ai,...,a k (m + 1) 



2 V#{7£ r c |wl( 7 ) < to} #{ 7 er c |wl( 7 ) <m+l}J hh'-'lk 
as to — > 00 . 

For notational simplicity we restrict ourselves to the case k = 2. The generaliza- 
tion to k > 2 is straightforward. Consider the abelian group Z/Z^-Z. Consider the 
set of additive unitary characters on Z/Zj-Z. These arc parametrized by g e Z/Z^Z 
writing 

. . / 2mga\ 

Xg,iA a ) = ex P )■ 

The orthogonality relation for representations of finite groups (which in this simple 
example is easy to verify directly) gives 



1 \ -» . . -. — r- 1, if a = a; (mod L) 

I £_W°>W«*) 1„. otherwise. 



gGL/lj 

Putting a = log 1 (7) enables us to see - using characters - if log! (7) lies in a specific 
arithmetic progression. Multiplying two such identities (or using the orthogonality 
relation for Z/ZiZ x Z/Z2Z) we find 
(3.19) 

1 r~\ (\ J 1 ' if lo Sj(7) (mod Zj),j = 1,2 

Z1Z2 gg ^ iZ [0, otherwise. 

g'ez/; 2 z 
Here 

Xg,g',h,h(l) = X5^i( 1 °gl(7))Xff',i 2 ( 1 0g2(7))) 

= expf2«^ l0gl(7) ■ 5 ' l0&(7) 



h h 

which is a unitary character on T. We note that 



M T ,Xg,g',h.h) =2cosl j +2cos^ , 
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which is clearly less than or equal to 2k. We sum over wl (7) < m in (|3.10() to get 

_ x -i x -(m+i) _ x -i 
E X(7) = 2 pi , 2 + 1 .-x , 1 +(fc~l) (m - (1 + /2) . 

wl(7)<m 

As m — > 00 we have 

,-(m+l) »-(m+l) 
(3.20) E ^^tVt + tVt + OH 

7 er c A i ~ 1 A 2 - 1 

wl(7)<m 

as long as 1 is not an eigenvalue. By Remark 13. II when \ 2 7^ 1, 

lim A7 m /(2fc- l) m = 0. 

We now distinguish two cases: 

(a) The only character with % 2 = 1 is the trivial character 1. We conclude from 
(Engl) that 



# 7 e r c 



™- ' log 2 ( 7 ) = a 2 (mod* 2 ) / 1 



#{ 7 Gr c |wl( 7 ) <m} hi 



2 



as m — * 00. 

(b) There exist another real character \. This happens if both lj are even and 
g = h/2, g' = £ 2 /2. In particular 



1, if ai + a 2 is even, 
— 1, if ai + a 2 is odd. 



In this case we sum the contribution from the real characters and recall that from 
()3.7|) and Remark 13.11 we have that the second real character gives eigenvalues 
-1/(2* - 1) and -1. Using f3~H| we get 

n r ,i(m) = (2fc - l) m + l m + 0(1), n r , x = (-(2fc - l)) m + (-l) m + 0(1). 

Using lEHJl and we get 

nr,a u a 2 (m) = ^(2* - l) m (l + (-l) m xK a 2 )) + 0(cT), 

where d — sup(|Ai| _1 , |A 2 |~ 1 ) < q for the nonreal characters. We sum for m — 
1, . . . , I. Depending of the value of x( a i> a 2) we sum either over the odd or the even 
exponents of (2k — 1) J . For instance, assuming that x( a i> a 2) = 1, we get for / = 2s 

Nr, ai , a2 (i) = ^r E i m + °^ = rri 2 ^ + °^)> 

ti«2 r-^„ hh q 2 - 1 

m— 2m' <~2s 

while for / = 2s + 1 wc get (up to an error of type 0(d )) 

^a 2 (l) = 4 E^"" = E «*"' = TT^T^T = 

'1«2 „ fT± , , <1<2 ^ «1«2 - 1 <l/2 r - 1 

2m'<2s+l m'<s 

We note that 

#{ 7 G T c | wl ( 7 ) <1} = J2 q m + 0(1) = -?—q l + 0(1). 

o—l 
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Finally, as I — + oo, 

Nr, ai ,a 2 (l) N r ,a u a 2 {l + 1) 

#{7 e r c | wi ( 7 ) < #{ 7 g r c | wi ( 7 ) < 1 + 1} 

2_ ( q 2 /{q 2 -l) q/(q 2 -l) \ = _2_ 
hh \ q/(q~l) g/(«-l) / Ilia' 

The case x( a i + a 2) = — 1 is similar. This proves the second part of Theorem 13. Ill 
We note that the subsequences of odd and even m's do not have the same limit. 
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